The question, whether an open system dynamics is Markovian or non-Markovian can be answered by studying the direction of the information flow in the dynamics. In Markovian dynamics, information must always flow from the system to the environment. If the environment is interacting with only one of the subsystems of a bipartite system, the dynamics of the entanglement in the bipartite system can be used to identify the direction of information flow. Here we study the dynamics of a two-level system interacting with an environment, which is also a heat bath, and consists of a large number of two-level quantum systems. Our model can be seen as a close approximation to the 'spin bath' model at low temperatures. We analyze the Markovian nature of the dynamics, as we change the coupling between the system and the environment. We find the Kraus operators of the dynamics for certain classes of couplings. We show that any form of time-independent or time-polynomial coupling gives rise to nonMarkovianity. Also, we witness non-Markovianity for certain parameter values of time-exponential coupling. Moreover, we study the transition from non-Markovian to Markovian dynamics as we change the value of coupling strength.
We rarely come across systems that are completely isolated from the surrounding world. Had it been the case, dealing with quantum mechanical systems would have been lot more easier. So, although arduous to deal with, real quantum systems are mostly open quantum systems -a system interacting with an environment. In these situations, information exchange between system and environment becomes an essential feature. Information that has been previously transferred to the environment may come back and affect the system, and this may appear as a memory-effect on the system. When this information backflow from the environment is negligible we have a situation analogous to the discrete Markov process, where the instantaneous state of the system depends solely on the immediately previous step, the system dynamics is called memory-less or Markovian 1, 2 . On the other hand, when this information backflow affects the system significantly i.e. when some long past history of the system influences its present state, the system dynamics becomes retentive, and is called non-Markovian.
In recent years, non-Markovianity has been used as a resource in a number of information theoretic protocols, namely, channel discrimination 3 , preserving coherence and correlation [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] and retrieving quantum correlations in both quantum and classical environments 16, [20] [21] [22] [23] . Non-Markovian effects also play important roles in areas ranging from fundamental physics of strong fields 24, 25 to energy transfer process of photosynthetic complexes 26 . Owing to its diverse applications, various aspects of non-Markovianity are now being studied. Lately, researchers have been focusing on transition from non-Markovian to Markovian dynamics [27] [28] [29] [30] [31] [32] . Some of them have dealt with bosonic bath of infinite or finite degrees of freedom, while some have considered a qudit system as the environment. But in all of these studies, system-environment interaction has been considered to be homogeneous in space, and the issue of non-Markovian to Markovian transition in terms of system-environment coupling strength has not been addressed. Note that, non-Markovian to Markovian transition is, in general, not a trivial issue, as in most cases finite dimensional environments give rise to non-Markovianity.
In our study, we attempt to analyze the problem of whether a transition from non-Markovianity to Markovianity can be engineered for the spin bath model 33 . We particularly choose the spin bath model since it has 1 www.nature.com/scientificreports www.nature.com/scientificreports/ wide ranging applications in simulating real physical scenarios [33] [34] [35] . In our attempt, we face a serious difficulty in diagonalizing the spin bath Hamiltonian, either analytically or numerically, for larger number of spins in the environment. Although, analytic solutions do exist for constant coupling 36 and some special forms of time dependent coupling 37 , general solution for arbitrary forms of system-environment coupling of the spin bath Hamiltonian are hard to find. We therefore, try to circumvent the problem by choosing a simple model, which we argue, is a close approximation to the spin bath model for low temperatures. We choose an exchange type of interaction between a system qubit and individual environment qubits, where for each environment qubit the coupling can be chosen to be of different time dependent forms. But unlike the spin bath case, in our model, when the exchange interaction takes place between the system and a particular environment qubit, the rest of the environment qubits remain in a ground state; which also closely resembles the state of environment for low temperatures. As we will see in the paper, this approximation helps us to calculate and analyze non-Markovian to Markovian transition for different types of system-environment coupling.
We present four scenarios here, for different forms of system-environment coupling: (i) the coupling is time-independent and homogeneous over environment qubits, (ii) the coupling is time-independent but inhomogeneous over environment qubits, (iii) the coupling is homogeneous over the environment but is time-dependent, and (iv) the coupling is both time-dependent and inhomogeneous. We find that cases (i) and (ii) always give rise to non-Markovian system dynamics. For cases (iii) and (iv), we find that some functional forms of coupling for certain ranges of coupling strengths gives rise to non-Markovianity. For example in case (iii), polynomial forms of coupling always give rise to non-Markovian system dynamics, while exponential coupling give rise to non-Markovian system dynamics only for certain ranges of parameter values. In case (iv) we find that a cross-over from non-Markovianity to Markovianity can be achieved by varying the strength of coupling. We also calculate, the extremal values of coupling parameter beyond which non-Markovianity can no longer be detected. Thus we see, these extremal values act as critical values for transition from non-Markovian to Markovian regime. It is worth mentioning here that, for the purpose of detecting non-Markovianity we use Rivas-Huelga-Plenio (RHP) measure of non-Markovianity as proposed in 38 . Although there are different approaches of defining Markovianity and each approach represent different aspects of Markovianity, for the purpose of the present paper we choose, detection by the RHP measure as the definition of Markovianity.
Similar works on this line were done in [39] [40] [41] . But in the first approach 39 , the system qubit directly interacts with a single environment qubit and the rest of the environment qubits, only have an indirect effect on the system via the environment qubit directly attached. Also, the coupling parameters involved do not have any time dependence. In the second approach 40 , the transition from Markovianity to non-Markovianity was shown with a two tier environment; the first one being a multiple-spin system, while the second one was a bosonic bath. Also in 41 , the coupling between the system and individual environment qubits were constant in space and time. We take into account all these factors and present a detailed study of a spin environment and cover all the relevant cases.
In the background section, we discuss the relevant background required for following the techniques used in the paper. In the next section, we present our model, followed by a section, where we introduce different types of couplings and analyze them. Finally, we present the results of our analysis, before concluding in the last section.
Background
In this section we present the relevant background of Markovian dynamics and the definitions used in the paper. We also describe the measure of entanglement for two-qubit systems, which will also be used to quantify non-Markovianity of our dynamics.
Quantum Markovian dynamics. A discrete time stochastic process is called Markovian (Markov chain)
if the state of the system at time t n depends solely on the state of the system at time t n−1 . This concept of Markov chain can be extended to the continuous time stochastic processes as well 2 . However, generalizing it to quantum dynamics is a difficult task. Numerous prescriptions have been proposed to capture different aspects of quantum Markovianity. Broadly these prescriptions can be classified into two classes: information backflow [42] [43] [44] [45] [46] [47] and completely positive divisibility (CP-divisibility) 1, 48 .
Information backflow. The information backflow approach is inspired from the fact that a Markovian dynamics is characterized by unidirectional flow of information from the system to the environment. As for example, in the Lindblad master equation 49 , the non-negativity of the entropy production rate signifies unidirectional information flow from system to the environment, and thereby, is a signature of Markovianity. A dynamics is called Markovian from the information backflow approach, if some information quantifier decays over time in a monotonic way. Any departure from monotonicity of such quantifier is seen as a backflow of information from the environment, back to the system. Different quantifiers of information like distinguishability of states 42 , measure of entanglement 38 , quantum mutual information 44 , etc has also been suggested for this purpose. Each quantifier provides a different definition of Markovianity; all of which, are not in general equivalent. Only recently, there has been attempts to unify all these different definitions [45] [46] [47] to provide a unified approach to information backflow.
CP-divisibility. Any dynamical process, given by completely-positive (CP) trace preserving (TP) map Λ t representing evolution up to time t is called CP-divisible if
where V t,s is CP for any t ≥ s ≥ 0, and ° denotes composition.
Although the most general description of Markovian dynamics is given by CP-Divisibility 1, 48 , for our purpose we consider information backflow, in terms of measure of entanglement i e. the RHP measure, as the description of Markovianity.
www.nature.com/scientificreports www.nature.com/scientificreports/ Detecting non-Markovianity through Entanglement. Let 52, 53 . Thus |λ| may be used as a measure of entanglement for the state ρ as . Formally, the entanglement measure can be defined as follows
is the trace norm of a matrix A. Note that, E(ρ as ) is nothing but the negativity of the bipartite state ρ as 54 . We will use this measure of entanglement as the quantifier for ascertaining Markovianity of the dynamics from the information backflow approach. Using entanglement to detect non-Markovianity was first used by Rivas, Huelga and Plenio in 38 , and this measure has been so called the RHP measure of non-Markovianity. Following their technique we attach an ancilla to the system, on which a dynamical map Λ t is acting. Following the information backflow approach, the dynamical map Λ t is called Markovian if
t is a monotonically non-increasing function of time t, where Φ Φ + + is the maximally entangled state, given by
the Model
In this section, we present our model and discuss the motivation behind choosing it. We also describe the technique in detail, in which non-Markovianity in the system dynamics is detected. We consider two qubits, one of which is called the system (s) and the other, the ancilla (a). The system qubit is placed in an environment consisting of N non-interacting qubits (see Fig. 1 ). We take the interaction between the system qubit and the environment in the following form, n is a complex number which can be time-dependent as well as site-dependent, and α is a real parameter with the dimension of frequency. The extra factor α is introduced to make the coupling strengths  g t ( ) n dimensionless. For all practical purposes α can be assumed to be 1. The free Hamiltonians of the system and the environment are respectively given by, where δω n = ω s − ω n and = δω −  g t g t e ( ) ( ) n n i n . Henceforth, our discussion will be based on the Hamiltonian H se (t). We also consider the initial state of the environment to be in the thermal state, Motivation behind the model. Here we argue that, our model is a close approximation to the 'spin bath' model 34, 35 at low temperatures. Note that the Hamiltonian in Eq. (7) can also be written as, (9) with the usual Hamiltonian of a spin bath model [34] [35] [36] in the interaction picture, given by,
we find that the only difference comes from the |0〉 〈0| factors arising in Eq. (9), which are replaced by for the spin bath Hamiltonian. As a result of this difference, the dynamics of the spin bath model is not entirely the same as our model. In the former, an exchange of one quanta of energy takes place between the system and individual environment qubit, when the rest of the environment qubits are allowed to be in any state, whereas in the later, the exchange will only take place when the rest of the environment qubits are in their ground state. This difference, although significant in general, will not play a major role when the state of the environment is close to the ground states, or in other words, temperature of the environment is low. Note that low temperature of environment correspond to values of p in Eq. (8), which are very close to 1, and this also confirms the fact that for low temperatures ρ e is close to the ground state. Thus we see for low temperatures our model serves as a close approximation to the spin bath model. The main advantage of our model is the fact that our Hamiltonian is easily diagonalizable, and for certain types of couplings, as we discuss later in detail, allows for exact determination of the system dynamics in terms of Kraus operators, for any number of environment qubits. We also stress that, although our model shows similarity to the spin bath model for low temperatures, we find solutions and analyze the dynamics of our model for any temperature whatsoever. The reason behind this is that our model being analytically solvable for certain types of couplings, allows for an opportunity to exactly solve the dynamics for any number of environment qubits, which is not often the case for systems with large number of spins. Note that, even for the spin-bath Hamiltonian, it is not easy to find the exact solution for non-zero temperatures.
Diagonalizing the Hamiltonian of our model. There are only two non-zero eigenvalues of the Hamiltonian H se (t) and they are,
n N n 1 2 corresponding to the eigenvectors, Thus, the time evolution operator U(t, 0) corresponding to the Hamiltonian H se is, www.nature.com/scientificreports www.nature.com/scientificreports/
t se 0 T where  represents time ordering.
The ancilla qubit is used as a probe to characterize the non-Markovianity of the dynamics of the system in the presence of the environment. In order to do so we prepare the system and ancilla qubits in a maximally entangled state Φ + , as given in Eq. (3). Due to the interaction of the system qubit with the environment, the entanglement between the system and the ancilla qubit will evolve with time. The deviation of this time evolution of the entanglement, from monotonic decay is used to establish the non-Markovian character of the dynamics. Note here, that this idea was used by Rivas et al. 38 to devise a measure of non-Markovianity. In the present paper, we follow this technique to consider the system dynamics to be non-Markovian whenever the entanglement between system and ancilla, as described above, shows non-monotonic behaviour, otherwise we consider the dynamics to be Markovian.
The joint initial state of the system plus ancilla plus environment is of the form,
e ase which evolves to,
ase a a ase Therefore, reduced time-evolved system-ancilla state can be calculated by tracing out the environment part,
as e ase
system -environment Couplings
In this section, we introduce various classes of system-environment coupling, and in each case, we study their effect on the evolution of the system-ancilla joint state. We classify all the couplings into four major classes: (A) when the coupling parameter g n (t) is independent of the site index n (homogeneous) and time-independent; (B) when g n (t) is inhomogeneous but time-independent; (C) when g n (t) is homogeneous but time-dependent, and (D) when g n (t) is inhomogeneous and time-dependent. For each class, we calculate the entanglement of the time evolved state of system-ancilla, and thereby try to characterize the non-Markovian behaviour of the system dynamics. Henceforth, we assume α to be 1.
Case A: Homogeneous and time-independent coupling. We have here the simplest situation, where the coupling of the system with all the environment qubits are uniform and time-independent i.e. g n (t) = g, a constant. As a result, the non-zero eigenvalues of the Hamiltonian, as given in Eq. (11), takes the form 
Using the above form and the form of ρ e given in Eq. (8), we find the Kraus operators K mn (t) of system dynamics, which are defined in the following way, where m, n = 1, …, N, log x refers to x log 2 , and s n is the number of 1's in the binary equivalent of n. For example, if n = 6, then the binary equivalent of n is 110. Therefore s n = 2.
K t p p t g t g t i t g t i t g t t ( )
We then find time evolved state of the system-ancilla, using Eqs (15-17), (1 ) ( 00 00 01 01 ) ( 00 11 11 00 )], Case B: Inhomogeneous and time-independent coupling. Consider a system, where a single two-level system (perhaps an ion as an impurity) is placed in a spin lattice. The lattice sites, closest to the impurity interacts very strongly with the system, while, as we go away from the impurity site, the strength of interaction becomes weaker and weaker. In such cases, we have a scenario similar to our model, and the interaction parameter g n (t) is inhomogeneous, but there is no explicit time dependence. Therefore, g n (t) = g n . Hence, ε ± (t) = ±ε = ℏω in Eq. (11) are also time-independent. Note, in this case also ω = ∑ | | = g n N n 1 2 is a constant with dimensions of frequency. Following this, the analysis is same as in the last subsection. As a result, the evolution operator U(t, 0), the time evolved state ρ as (t) and the only possible negative eigenvalue, if any, of ρ t
[ ( )]
T as s for this case are of the same forms as in Eqs (18, (20) (21) (22) respectively, except for ω 0 , in appropriate places, replaced by ω.
Case C: Homogeneous and time-dependent coupling. So far we have considered only couplings which are independent of time. In this section, we consider time-dependent and homogeneous couplings. We take an arbitrary real function of time, which is independent of site index n i.e. g n (t) = g(t). Note that our coupling operator between system and individual environment qubit, as given in Eq. (7), is of the form σ + ⊗ σ − + σ − ⊗ σ + which can also be expressed as σ x ⊗ σ x + σ y ⊗ σ y . Thus, our system-environment coupling is a special case of the XY coupled Hamiltonian. Such coupling with time-dependent coefficients have been used to show non-trivial entanglement dynamics 55, 56 . Fortunately, the Hamiltonians H se (t) in this case commutes at different times, which makes the analysis similar to the one in case B. The only difference being the non-zero eigenvalues, in Eq. (11), to be of the form
, which is no longer constant in time. The whole treatment of the dynamics of the system and the ancilla remains the same if we replace ω 0 and ω 0 t, in Eqs (18, (20) (21) (22) , by | | N g t ( ) and Ω(t), respectively, where, when it depends on both the site n and time t. The interaction Hamiltonian in such a situation does not commute at different times and this makes the calculation for solving the dynamics difficult. However, we can use numerical methods to simulate the time-evolution and get the solution for ρ as (t). One can obtain the following results analytically before starting the simulation part.
Analytical Part. Two of the eigenvalues of the Hamiltonian in Eq. (7) are non-zero, as given in Eq. (11). The remaining (2 N+1 − 2) of the eigenvalues are zero. A possible choice for these null space eigenvectors are found in the following way:
Step I: We first feed the eigenvectors (corresponding to non-zero eigenvalues) given in Eq. (12) as rows of a matrix A. Note, A is a 2 × 2 (N+1) matrix Step II: By row reduction method 57 , we find out a basis  for the Null space of A. Note that  is not necessarily ortho-normal.
Simulation Part. Obtaining an orthonormal basis ′  from  analytically is a challenging job. We, therefore resort to numerical techniques for this case.
Step I: From , using Gram-Schmidt Orthonormalization procedure 57 , we find an orthonormal basis ′. Note, ′ forms the set of eigenvectors of the Hamiltonian, corresponding to zero eigenvalues.
Step II: As, the eigenvectors are time-dependent, the Hamiltonian is not different-time commuting. Hence, the evolution operator may be found numerically from the following expression, 
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Step III: We evolve the initial ancilla -system-environment state ρ ase (0) by the unitary operator
and get the time evolved state ρ ase (t).
Step IV: We trace out the environment from ρ ase (t) and get ρ as (t) = Tr e [ρ ase (t)]. We then evaluate our entanglement measure E(t) given in Eq. (2), on ρ as (t) and plot it as a function of time.
Results
In this section, we show that some of the classes of the couplings that we have considered, always results in non-Markovian dynamics. However, there are also some classes for which we can tune the parameters and find a transition from non-Markovian to Markovian dynamics. In order to do so, we plot the entanglement dynamics between the system and ancilla, for each class, as a function of time and observed if there is any departure from monotonicity with time. As mentioned in Sec. III, this technique helps in characterizing non-Markovianity present in the system dynamics. In Figs 2 and 3, we present entanglement dynamics for different classes of the system-environment coupling, considered in the previous section. Also in Table 1 , we provide a concise summary of all the resuts obtained in this section. We now present our findings for each class of system-environment coupling.
Cases A and B. In Fig. 2(a,b) , we plot the entanglement as a function of time for the homogeneous time-independent, and the inhomogeneous time-independent couplings, respectively, i.e, g n (t) = g and g n (t) = g n , respectively. Note here, that g and g n , for all values of n, are arbitrary complex functions. Analytic calculations for the entanglement measure, as given in Eq. (22) suggests a periodic behaviour for both the classes, which can also be seen in Fig. 2(a,b) . As a result, we conclude in both of these classes of couplings, the dynamics is always non-Markovian.
Case C. We consider homogeneous and time-dependent couplings and find that if g(t) is some polynomial function of t, we will get Ω(t) as a polynomial function of t. This gives rise to a periodic function λ(t). As a result, the dynamics is non-Markovian, in general. Interestingly, it was recently pointed out 58 , that the Hamiltonian dialation obtained from the Choi state of the system dynamics, diverges whenever the system dynamics is time-independent Markovian. Although, in our case, the system-environment Hamiltonian (equivalent to the dialated Hamiltonian)is not related to the Choi state of the system dynamics in the same way as in 58 . As a result the conclusion of 58 differs from ours. If g(t) = exp(−γt) then non-Markovianity can be witnessed if the real part γ r of γ fails to be positive or violates the inequality α γ π ≥ N r . Figure 2(c,d) show the entanglement vs time plot for two values of γ r ; one of which violates the above mentioned inequality. We also consider the case www.nature.com/scientificreports www.nature.com/scientificreports/ For analyzing coupling (i), we plot the system-ancilla entanglement measure as a function of time in Fig. 3(a-d) , for different values of the coupling parameter γ 1 , at a fixed values of N and p. In Fig. 3(a-d) , monotonically decreasing entanglement values show signs of Markovianity and non-monotonic decay are evidence of non-Markovianity. As expected, increasing the coupling parameter γ 1 i.e., decreasing coupling strength, leads to the transition from non-Markovian to Markovian dynamics. The figures also show an interesting feature that, after sufficient time, the entanglement in the system-ancilla state saturates to fixed values irrespective of their Markovian or non-Markovian nature. This feature can be signs of possible equilibration of the system ancilla state. Next, we find the extremal values of γ 1 for which non-Markovianity is witnessed. These extremal values serve as transition parameters from non-Markovianity to Markovianity. On plotting these transition values as a function of N (see Fig. 3(i) ), it appears that a saturation is reached as N is increased for values p = 0.5 and p = 1.0. We perceive, this is the result of the fact that for this type of coupling i.e. = γ − g t e ( ) n nt 1 , the larger is the value of N, the smaller is its effect on the system dynamics. Although a definitive conclusion about whether the saturation persists over large N can only be made after computing the transition values for larger values of N, it is a computationally demanding process with the computational facilities available at our disposal. For coupling (ii), the dynamics shows non-Markovianity for various values of γ, N and p, as shown in Fig. 3(e-h) .
Conclusion
In this paper, we have addressed the question of how non-Markovianity of a dynamics changes with the interaction between the system and the environment and also with size of the environment. We have taken a simple model constituting of a few qubits, which can also be seen as a close approximation to the spin bath model, for low temperatures. Even in this minimalistic scenario, we were able to find a transition from non-Markovian to Markovian dynamics by tuning the system-environment interaction. This is somewhat counterintuitive as it is generally conceived that for having Markovian dynamics the bath/environment should have infinite degrees of freedom, although there are exceptions 59 . We also found, in our model, that if the interaction Hamiltonian is time-independent, the dynamics is always non-Markovian, irrespective of the size of environment. Note that in this scenario for a general interaction Hamiltonian in the weak coupling limit, we generally get to see Markovian dynamics only for a very large size of bath; at least in the case of harmonic oscillator bath. The present scenario is different as we have considered spin environment and the system-environment interaction is of very specific type. In the case of site-independent interaction, polynomial forms and certain cases of exponential forms of interaction show non-Markovianity. Lastly, we study time-dependent and site-dependent interaction for certain forms of system-environment coupling. In this last case, we also saw a transition from non-Markovian to Markovian regime. Interestingly, the transition values appear to saturate to a certain value depending on the initial temperature of the environment, as the number of environment qubits increases. Examining this type of spin environment is recently drawing some amount of interest 33 . Studies on similar lines was also done recently in 36 , where an analysis of a qubit system interacting with a sea of spins was given. A number of questions arise from the present study: whether such a transition can be found by considering more general forms of interaction, what happens if along with system-environment interaction there is some interaction present among the environment particles themselves, etc. One may also find it useful to check, whether the aforesaid saturation of transition parameters is a general feature of interaction that exhibits non-Markovian to Markovian transition. www.nature.com/scientificreports www.nature.com/scientificreports/ www.nature.com/scientificreports www.nature.com/scientificreports/
